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Abstract 
 
The aim of this work is to evaluate the accuracy of a lifting-line based theoretical 
code developed within the University of Pisa for the design of boxwing configurations. 
This code calculates the lift distribution over the lifting surfaces in order to minimize the 
induced drag, given the wingspan, the height ratio and the total lift. Using the results 
given by the theoretical code, several wing configurations will be designed, extracting 
the induced and the aerodynamic contribution to the lift, to test them with an 
aerodynamic solver. The comparison is made using a panel-method based code. This 
solver (UPM) was originally thought for the evaluation of the behavior of highly non-
stationary elements such as wind turbines and blade propellers, so it became necessary 
to implement additional equations in order to obtain the necessary information to 
correctly evaluate the behavior of a complete wing, especially the induced drag, and to 
validate those improvements via a series of simulations, to attest the accuracy of the 
results.  
 Once the accuracy of the aerodynamic solver is verified, several simulations are 
run and the results are compared with the theoretical result. An analysis of the effects of 
the geometry is performed to explain the differences in the behavior between the 
theoretical result and the simulation results.  A correction to the geometry is evaluated, 
to correct the difference of the results and an analysis of the behavior of the generated 
wing is provided, compared to the predictions of the theoretical code. 
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Chapter 1
Introduction
In the recent years the innovations in the design of wings directs towards
non-conventional conﬁgurations, particularly to non-planar wing geome-
tries, in order to obtain better performances in terms of drag and fuel con-
sumption. One of this innovative strategies is the Box wing system, where
the lifting system is composed by two horizontal wings connected at the
wing-tips by vertical aerodynamic surfaces. In his paper Ludwig Prandtl
[?] showed that this conﬁguration, at the optimum condition, has the mini-
mal induced drag given the total lift and the wingspan. However the design
of a box wing is a challenge as the aerodynamic conﬁguration greatly diﬀers
from the classical monoplane. A theoretical code was developed in order
to evaluate the total lift distribution over the box wing conﬁguration which
minimizes the induced drag in cruise ﬂight, based on the lifting line the-
ory. In this work the results of the theoretical code will be used to design
wing conﬁgurations and, by the means of a panel code-based aerodynamic
solver, evaluate the behaviour of the obtained conﬁgurations. At ﬁrst is was
necessary to transform the aerodynamic informations given by the theoret-
ical code into geometric criteria, by extracting the induced component of
the lift from the solution, and obtain the wing-generated lift. It was then
necessary to implement ulterior equations into the aerodynamic solver to
obtain the informations needed to set up a comparison with the theoretical
results. A series of simulations is then performed to evaluate the accuracy
of the design criteria given by the theoretical code. The results highlight a
diﬀerence between the two evaluations, which, after applying a correction
parameter, validates the guidelines given by the theoretical code.
6
Chapter 2
The minimisation of induced
drag for Box wing conﬁgurations
2.1 The minimum induced drag for a Biplane
conﬁguration
The history of aviation is deeply linked with non-planar wings, as the Wright
brothers used a biplane to perform their well-known ﬂight. During WW1
most of the air planes were biplane (or even triplane). At the time those
solutions were the best way to ensure the necessary wing surface to ensure
the ﬂight, and in fact, the multi-wing conﬁguration was discarded as soon as
materials and technologies allowed to build wings with a greater wingspan
without creating critical structural problems. This because building a sin-
gle wing is lighter than building two, but, theoretically a biplane generates
lower induced drag than a monoplane with the same total lift.
The lifting line theory
It is useful to begin with a brief outline of the lifting line theory before
describing the theoretical models that analyse the problem of the calculation
of lift and drag for three dimensional wings. The assumptions the lifting line
theory needs are that the wing is considered unswept, with zero thickness
and with no chord, the wing is then reduced to a straight line (the "lifting
line") where all the circulation (generated by the aerofoils) is concentrated.
Also all the vorticity-containing regions are considered with zero thickness.
As a consequence, the wake is modelled by a vortex sheet which sheds from
the lifting line, and is considered parallel to the asymptotic velocity. Also,
7
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each wing cross-section is considered part of an inﬁnite wing (2D behaviour
of each section) whose the free-stream velocity is modiﬁed by the induced
velocity of the wake. By reducing the chord to zero, we also neglect the
chord-wise eﬀects of the wake induction. This simpliﬁed model requires the
wing geometry to satisfy some geometry criteria, namely that the aspect
ratio (AR) of the wing is suﬃciently high (AR>6).
We now consider that the angle of attack αtot(y) of a section to be the sum
of three terms:
 the angle between the chord of the airfoil and the asymptotic velocity
αG(y)
 the zero lift angle of the airfoil α0(y)
 the angle generated by the induced velocity of the wake αi(y) =
wi
V
(this approximation is valid as long as wi << V∞
αtot(y) = αG(y)− α0(y)− αi(y) (2.1)
Where wi is the induced velocity by the wake, and is calculated with
the known relation:
wi(y) =
1
4pi
−
∫ b/2
−b/2
dΓ
dη
1
η − ydη, (2.2)
where dΓ
dη
is the derivative of the circulation function along the span, η
is the spanwise coordinate, y is the coordinate where the induction is eval-
uated, and b is the span of the wing. With this formulation of the induced
velocity, the expression of the circulation along the span (Γ(y)) becomes
the well-known relation (with α(y) = αG(y)− α0(y))
Γ(y) =
1
2
ρcy(y)Clα(y)[V∞α(y)− 1
4pi
−
∫ b/2
−b/2
dΓ
dη
1
η − ydη] (2.3)
where Clα and c(y) are the derivative of the local lift coeﬃcient and the
local chord, V∞ is the speed of the asymptotic ﬂow and ρ is the air density.
The induced drag of the biplane conﬁguration
Let us now consider a biplane conﬁguration If we search for the minimum
of induced drag, given shape and total lift, the problem is:
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
min Di = min (ρ
∫ b/2
−b/2w(y)Γ(y)dy
subject to L =
∫ b/2
−b/2 ρV∞Γ(y)dy
given geometry
(2.4)
In the monoplane case the best solution is the well-known elliptical dis-
tribution Γ(y) = Γ0
√
1− (2y
b
)2 which results in a constant induced velocity
along the span, with Di =
L2
1/2ρV 2∞pib2
.
In the case of a biplane the problem becomes:
Di = D11 +D22 +D12 +D21 (2.5)
where Dij is the drag induced by the trailing vortex of the wing i on the
wing j, and Dii is the self-induced drag of the wing i.
We know that (under classical simplifying hypothesis):
D11 =
L21
1/2ρV 2∞pib
2
1
(2.6)
D22 =
L22
1/2ρV 2∞pib
2
2
(2.7)
D12 +D21 = ρΓ1Γ2
4ν12
pi
(2.8)
where b1 and b2 are the wingspans of upper and lower wings and
ν12 =
1
4
ln
√
l2+h2√
b2∗+h2
with b∗ = b2 − b1 , l = b1+b22 and h is the vertical gap
between the wings. Assuming the approximation Γ1(y) and Γ2(y) are in-
variant along the span we have the result:
D11 +D22 +D12 +D21 =
1
1/2ρV∞pi
(
L21
b21
+
L22
b22
+ 2ν12
L1L2
b1b2
) (2.9)
In the important case where b1 = b2 = b it's easy to prove that the induced
drag is minimum when L1 = L2 = L/2 and the lift distribution is very
close to elliptical on the two wings, and Di =
L2
1/2ρV∞pib2 (
1
2
+ 1
2
ν12) with
ν12 = 1/4 ln(
√
b2
h2
+ 1)
We see that an ideal monoplane (with minimum Di) with the same total
lift and wingspan of the biplane has a grater induced drag than the ideal
biplane when b
2
h2
+ 1 ≤ e8. The limit case for the biplane is when h → ∞,
ν12 → 0 and Di,biplane = 12Di,monoplane.
All this reasoning is valid for a triplane and, more generally, for n-winged
planes.
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2.2 The box wing conﬁguration
A further evolution of the non-planar wing system was theorized by Lud-
wig Prandtl [?] where he aﬃrmed that the conﬁguration with the minimum
induced drag is a biplane with two vertical wings which connect the tips
of the horizontal wings to create a box wing lifting system. The lift distri-
bution on those vertical wings is butterﬂy-shaped and the horizontal wings
have a lift distribution witch is the sum of an elliptical distribution plus a
constant[?].
Figure 2.1: Optimal lift distribution for a Box-wing system
Figure 2.2: Prandtlplane and C-wing conﬁgurations
A box-wing with a lift distribution with this shape is called Best wing
system, and is the lifting system characterised by minimum drag assigned
total lift.
This result is a fundamental asset for researching and developing box-
winged airplane conﬁgurations and, knowing that drag directly impacts
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on fuel consumption and, therefore, on direct operational costs and pollu-
tion. Those aspects are fundamental in aeronautical design, as air traﬃc
is expected to multiply by a factor three in 2020, but the cost for the ﬁ-
nal customer, the charges for airways companies and environmental impact
must decrease as stated in the report "A vision for 2020" written by the
European Commission in 2002.
With those objectives in mind, aircraft manufacturers and scientiﬁc com-
munity focus their research on innovative airplane conﬁgurations such as
the C-wing airplanes and the Prandtlplane.
It is in this context that many researches were made to grasp a better
understanding of the fundamentals of these new wing systems, in particular
the already cited article [?] and the work carried out in [?]. In particular,
in this papers was researched the optimal lift distribution for non-planar
wings. The problem was to ﬁnd the minimum drag given the total lift,
knowing that drag can be divided in those components:
 the friction drag due to the tangential stresses between ﬂuid and body
 the form drag due to the shape of the object
 the drag due to the shock waves
 the induced drag, due to the generation of the lift force
The component to be minimized is the induced drag, by ﬁnding the lift
distribution along the span, given the total lift and the shape of the wing,
which is a box wing.
In order to represent the shape of the wings a super ellipse formula was
used:
y
bw
2p
+
z
aw
2p
= 1 (2.10)
where p ∈ N and bw, is the semi-wingspan and aw is the semi-height of the
wing. When p → ∞ the ellipse approaches a rectangle. We also deﬁne
µ = H
2bw
as the vertical aspect ratio of the wing.
This problem was solved using the lifting line theory, assuming that the
induced velocity in the ﬁeld urel is the sum of the velocity induced by the
vortex ﬁlaments attached to the body (which, in the lifting line theory is a
curve) uγ and of the velocity induced by the wake uΣ
urel = uΣ(P ) + uγ(P ) (2.11)
urel =
1
4pi
−
∫
−
∫
Σ
ωΣ(A)dS +
1
pi
−
∫
γ
Γ(B)τ(B)× BP|BP |3dη (2.12)
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Figure 2.3: The super ellipse
where Γ(η) is the circulation distribution along the curve, η is the curvi-
linear coordinate along the curve, ωΣ is the vortex sheet distribution, whose
intensity in proximity of the curve is dΓ
dξ
with ξ a point belonging to the
curve,τ is the tangent vector to the curve, A and B are two points be-
longing respectively to the wake and the curve and −
∫
−
∫
is the area Cauchy
integration over the sheet vortex surface and −
∫
is the Cauchy integration
over the curve. The wake is assumed rigid and the self-induction eﬀect are
negligible (which means uγ  V∞).
The total lift and the induced drag are then written:{
L = -
∫ b
a
ρV∞τyΓ(η)dη
Dind= -
∫ b
a
ρun(η)Γ(η)dη
(2.13)
where a and b are the two edges of the curve, τy is the y-component of
the tangent vector and un = u(η) · n(η) = 14pi−
∫ b
a
dΓ
dξ
τn
r(ξ)−r(η)
|r(ξ)−r(η)|3dξ is the nor-
malwash where u(η) is the velocity induced by a semi-inﬁnite rigid vortex
ﬁlament, n(η) is the vector normal to both τ and the free-stream velocity
and r(η) and r(ξ) are the vectors in the Cartesian space that deﬁnes two
points η and ξ on the curve.
From there using the Lagrange multiplier method and putting the sys-
tem in integral form, the ﬁnal system was stated:
1
4pi
−
∫ b
a
Γopt
r(ξ)− r(η)
|r(ξ)− r(η)|3
dr
dξ
dξ =
Doptind
L
V∞y(η) (2.14)
−
∫ b
a
ρV∞Γopt(η)
dy
dη
dη = L (2.15)
with Γopt and D
opt
ind as unknowns.
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The problem was then adimentionalysed, and the speciﬁc aerodynamic
eﬃciency ε =
Drefind
Doptind
deﬁned, with Drefind the induced drag of the optimal lift
distribution for a biplane wing, the problem was solved as follows [?]
Figure 2.4: Steps for the solution of the problem
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The results are shown in the ﬁgures below.
Figure 2.5: Variation of the Induced drag for diﬀerent shaped box-wings
Figure 2.6: Variation of the Induced drag with the vertical aspect ratio
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From this graphics we are able to see a reduction of the induced drag
in all conﬁgurations, especially in high vertical aspect-ratio wings. But as
stated all those studies were made with a mathematical model that doesn't
take into account the deformation of the wake (rigid wake model) and is
overall an idealisation of the shape of the wing, which collapses to a curve.
What happens when this ideal model is applied to more realistic wings?
Chapter 3
Aerodynamic Solver
3.1 The panel code
In order to carry out the experimentations on the wing systems, the use
of a panel code was considered. This solver has the advantage of having
low computational requirements (both in terms of time and calculation
capabilities) and a good ﬁdelity level, considering irrotational ﬂows (or at
least high Reynolds ﬂows, where the shear layer eﬀects are small). The used
panel code was developed within a collaborative eﬀort between University
of Pisa and San Diego State University [?] as a multi-purpose unsteady
aerodynamic solver (UPM), capable of managing a wide range of practical
cases, and especially the cases of rotors, blades and multi-body simulations.
The code is based on the potential ﬂow equations:
V = ∇Φ (3.1)
where V is the velocity in the ﬁeld, and Φ is the velocity potential. Also
using the deﬁnition of vorticity:
ω = ∇× V (3.2)
∇× (∇Φ) = 0 (3.3)
Assuming an incompressible and homogeneous ﬂow the continuity equation
:
∂ρ
∂t
+ V · ∇V = 0 (3.4)
where ρ is the ﬂuid density, becomes:
∇ · V = 0 (3.5)
16
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witch, recalling the velocity potential Φ can be rewritten:
∇2Φ = 0 (3.6)
In this formulation, the momentum conservation equation:
∂V
∂t
+ V · ∇V = f − 1
ρ
∇p− ν∇2V (3.7)
where f are the body forces, ν is the kinematic viscosity and p is the
pressure, can be expressed in terms of vorticity (neglecting body forces) [?]:
∂V
∂t
+ ω ∧ V = ∇(p
ρ
+
V 2
2
)− ν∇× ω (3.8)
recalling that the ﬂow is irrotational we can aﬃrm that the kinematic vis-
cosity ν does not aﬀect the result: the ﬂow behaves as if it was inviscid.
Recalling V = ∇Φ:
∇(∂Φ
∂t
+
p
ρ
+
V 2
2
) = 0 (3.9)
implies that the left hand side quantities are functions of time only, and if
we use the undisturbed quantities p∞ and V∞ far upstream the body we
can write the well-known Bernoulli equation:
∂Φ
∂t
+
p
ρ
+
V 2
2
=
p∞
ρ
+
V 2∞
2
(3.10)
witch allow us to evaluate the pressure in every point of the ﬁeld once ve-
locity ﬁeld is known. The velocity can be thought as as the sum of the
undisturbed velocity (far upstream) and of the perturbation velocity gen-
erated by the body, and by recalling the velocity potential, we can assume:
V = V∞ + v (3.11)
Φ = Φ∞ + ϕ (3.12)
ϕ being the perturbation potential such that ∇ · ϕ = v. The perturbation
potential approaches zero (inﬁnitely) far from the body.
The boundary condition over the body surface is the classical no-penetration
condition:
V · n = 0 (3.13)
where n is the normal unit vector of the body surface. The mathematical
is then summarized by:
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
∇2Φ = 0
V ·n = 0
ϕ→ 0 when r →∞
(3.14)
∂Φ
∂t
+
p
ρ
+
V 2
2
=
p∞
ρ
+
V 2∞
2
(3.15)
where r is the distance between a generic point in the ﬁeld and the
body. This formulation however, as the whole ﬂuid volume is considered
irrotational, produces a zero aerodynamic forces solution over the body,
which is known as the D'Alembert paradox. A potential wake must be
deﬁned to take into account the eﬀects of the vorticity generated by the
body in the boundary layer, and is modelled by a surface shed by the body
which contains all the ﬂuid particles that were in contact with the body.
This surface becomes a boundary for the ﬂuid volume and therefore excludes
all the contained particles from the potential formulation (in fact it is not
possible to deﬁne a velocity potential for this portion of ﬂuid), it is then
possible to evaluate the eﬀects of vorticity without violating the potential
ﬂow hypothesis. Also, this surface is considered as a discontinuity surface
for the potential. However the position, the shape and the detachment
point (the place from where the wake sheds from the body) are not known
a priori.
It is then necessary to specify the boundary conditions of this surface Sw,
witch is not a rigid surface, but a free one, deformable and moving. For
each point of the surface, it is:
Vup · n = Vdown · n = Vw · n (3.16)
(pup − pdown) · ndSw = 0 (3.17)
where Vup and Vdown are the velocities over and under the wake surface
respectively, Vw is the velocity of the wake, and pup and pdown are the
pressures on the upper and under sides of the wake. Recalling the deﬁnition
of velocity potential:
Vup = V∞ + vup = ∇(Φ∞ + ϕup) (3.18)
Vdown = V∞ + vdown = ∇(Φ∞ + ϕdown) (3.19)
Vw = V∞ + vw = ∇(Φ∞ + ϕw) (3.20)
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from 2.16 it is easy to prove that:
vw =
1
2
(vup + vdown) (3.21)
By recalling ∇() · n = ∂
∂n
it is possible to write:
∂ϕ
∂n
|up −∂ϕ
∂n
|down= ∆(∂ϕ
∂n
) = 0 (3.22)
for every point belonging to Sw. This means that the normal component
of the velocity is continue across the wake, while the tangential velocity is
allowed to have a discontinuity.
In order to represent the geometry and the wake a low order panel
method is used, discretizing the geometry into quadrilateral plane elements.
Figure 3.1: Body and wake discretization
To do so the geometry has to be properly meshed in quadrilateral ele-
ments. Each body panel is characterized by a distribution of sources and
doublets, while the wake panels only requires the doublet distribution (the
normal velocity is continue across the wake). This singularities distribu-
tion is characterized by the order of the polynomial interpolation used to
describe the distribution. In this solver zero-order singularities distribution
are used, this means that over a panel the strength of doublets and sources
is constant. For the wake panels (and more generally, for zero-thickness
bodies) the equivalence between a quadrilateral constant-strength doublet
distribution and a vortex ring is used. This equivalence is very important
because the singularity of a vortex ring is one order less than the singu-
larity of a doublet surface distribution [?]. Each zero thickness element is
then associated to a vortex ring witch represents the vorticity generated by
the body. The induced velocities generated by those vortex rings are then
evaluated using the Biot-Savart law.
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Now remains the problem of the deﬁnition of the beginning of the wake. In
a potential ﬂow around an airfoil the ﬂow turns around the rear sharp edge
creating a singularity in the velocity and pressure ﬁeld (the pressure goes
to 0 while the velocity goes to inﬁnite). To correct this result the Kutta
condition states that a ﬁnite velocity must occur at the rear edge of the air-
foil. For a two-dimensional case this condition is equivalent to aﬃrm that
no pressure jump must occur between the two sides of the trailing edge. For
the three-dimensional case those two statements (no pressure jump and no
singularity for the velocity) do not imply each other, and the Joukowsky
condition (no velocity singularity) has to be enforced to determine the wake
intensity. If ϕupTE and ϕ
downTE are the perturbation potentials on the two
sides of the wake at the trailing edge then:
∆ϕTE = ϕ
up
TE − ϕdownTE (3.23)
obtaining then the intensity of the wake. Also it is necessary to determine
the direction of the wake in proximity of the trailing edge, which is set as
the bisector of the solid angle formed by the two body panels concurred at
the trailing edge [?]
Figure 3.2: Wake direction on trailing edge
Those two conditions (wake strength and direction) are enough to re-
move the velocity singularity but not to ensure a zero pressure jump at the
trailing edge, a numerical iterative procedure is needed to correct the wake
intensity. The iterative procedure evaluates the pressure coeﬃcient
Cp =
p− pref
1
2
ρV 2
(3.24)
on both sides of the trailing edge and, by modifying the doublet strength on
the near wake and on the trailing edge body panels, drives the ∆Cp under
a tolerance level for every point of the trailing edge.
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Figure 3.3: Wake panel strength derivation
3.2 Modiﬁcations to the aerodynamic solver
for the evaluation of the induced drag
The aerodynamic solver needed to be adapted to give the necessary re-
sults to perform those kind of analysis, since no evaluation of the drag is
performed. To obtain the induced drag, three methods are available: the
Kutta-Joukowski law, the Treﬀtz plane evaluation and the pressure integra-
tion over the wing. The pressure integration was discarded because even us-
ing high-order approximation algorithms this method is extremely sensitive
to the mesh reﬁnement [?] which implies a very high panel density, greatly
increasing the computational eﬀort. The application of Kutta-Joukowski
law is based on the calculation of the velocirty induced by the wake panels
on the wing panels.[?]. This calculation is performed on the collocation
points of each vortex ring element. However, in the classical formulation
[?] the forward line of the vortex ring element is located at the quarter line
of the geometrical panel and not at the forward edge of the panel itself.
While this method of calculating the induced drag is reliable and used
in other panel codes [?],[?] this layout of the vortex ring element is diﬀerent
from the layout of our solver [?] where the vortex rings are coincident with
the body panels. This diﬀerence in the architecture of the aerodynamic
solution was enough to prevent the implementation of the Kutta-Joukowski
law within the code, therefore the only solution remaining is the Treﬀtz
plane analysis.
The Treﬀtz Plane analysis uses the perturbation potential generated by
the body to evaluate the forces. The evaluation is made on the Treﬀtz
plane which is supposed to be located inﬁnitely far downstream the body,
where the eﬀect of the perturbation potential ϕ in x direction, which is
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Figure 3.4: The placement of the vortex ring element for the calculation of
the induced velocity over the wing panels in the classical formulation
represented by ∂ϕ
∂x
, goes to 0. In a more practical way this plane must be
placed suﬃciently far from the body to be insensitive to the x-direction
perturbations. The evaluation of the the drag is made by calculating the
values of the perturbation potential at the Treﬀtz plane:
Dind =
1
2
ρ
∫
trefftz
(
∂ϕ
∂y
)2 + (
∂ϕ
∂z
)2dydz (3.25)
Because the ﬂow is considered irrotational except for the vorticity in the
wake panels, this means that in our case the evaluation is based on the
perturbation generated by the wake vorticity. In [?] an alternative set of
equations is given to evaluate body forces via the Treﬀtz plane analysis,
for incompressible quasi-potential ﬂows. These formulas are designed to be
used for either rolled-up wakes and plane wakes. For the steady uniform-
translated motion, symmetrical to the x-z plane, which is the condition
which will be tested, the body forces are expressed as such:
F = ρ[(V
∫
Lt
∆ϕdy +
1
2
sin(τ)
∫
Lt
∆ϕ
∂ϕ
∂ν
ds)ez − 1
2
cos(τ)
∫
Lt
∆ϕ
∂ϕ
∂ν
dsex]
(3.26)
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where exand ez are the unit vector of the coordinated axis, τ is the angle
between the tangent vector of the wake, pointing downstream, and ex eval-
uated in the x-z plane, Lt is the trace of the wake on the Treﬀtz plane, ν
is the unit normal to Lt and s is the curvilinear abscissa on Lt. In this
formula the ﬁrst two integrals give the lift contribution, while the last ex-
presses the induced drag. This formula has the advantage to provide a very
good evaluation not only of the induced drag but also of the lift [?].
3.3 Validation of the solver
Once the equations were implemented in the code, it became necessary
to verify the results given by the solver. First a sensitivity analysis was
conducted to check the inﬂuence of the distance between the Treﬀtz plane
and the trailing edge of the wing. Two diﬀerent geometries were used: a
tapered (λ = 0.5) wing and a box wing.
Figure 3.5: The tapered wing used for the validation
Figure 3.6: The box wing conﬁguration
CHAPTER 3. AERODYNAMIC SOLVER 24
For each conﬁguration multiple simulation were launched, all with the
same parameters but one: the distance of the Treﬀtz plane from the trailing
edge.
Wingspan 10 m
Root chord 1 m
Asymptotic speed 50 m/s
Air density 1.225 kg/m3
Angle of attack 3°
Table 3.1: Principal parameters of the simulation
The various simulations were run increasing the distance between the
Treﬀtz plane and the wing (distance measured in wing chords), and visual-
izing the drag coeﬃcient Cd:
Distance (number of chords) Cd tapered wing Cd box wing
5 0.002029 0.002540
6 0.001973 0.002490
7 0.001938 0.002460
8 0.001915 0.002438
9 0.001898 0.002419
10 0.001886 0.002404
15 0.001856 0.002360
20 0.001846 0.002338
25 0.001841 0.002330
30 0.001838 0.002328
35 0.001836 0.002324
40 0.001835 0.002322
Table 3.2: Variation of Cd related to the position of the Treﬀtz plane
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As shown the distance of the Treﬀtz plane from the wing has signiﬁcant
impact on the result, up to 25 chords from the wing, where a convergence of
the result can be observed (subsequent increases of the distance modiﬁes the
result of less than 1% from the previous measure but increase the calculation
time).
The results were then validated by comparison with those given by AVL
[?]. AVL (acronym for Athena Vortex Lattice) is a vortex lattice [?] code
developed in his ﬁrst release in 1988. This code is also based on the potential
ﬂow theory but uses horseshoe vortex to simulate the eﬀects of vorticity
(neglected by the potential ﬂow) to evaluate the aerodynamic forces on the
body. It provides a good evaluation of forces on aerodynamic conﬁgurations
which consist of thin lifting surfaces at small angles of attack and sideslip.
The trailing legs of the horseshoe vortex (which represent the wake) are
considered parallel to the free-stream velocity, resulting in a straight wake
conﬁguration. The forces are evaluated using the Kutta-Joukowsky law.
To perform this validation, four wing conﬁgurations are considered:
 the tapered wing
 the box wing
 a twisted wing (Θ = 3°)
 a swept wing (Λ = 20°)
Figure 3.7: The twisted wing
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Figure 3.8: The swept wing
Each wing was tested twice, with the same parameters shown in Table
?? but with two diﬀerent angles of attack (aoa): 3° and 5°
Wing and aoa Cd AVL Cd UPM
Twisted wing 3° 0.00120 0.001211
Twisted wing 5° 0.00405 0.004044
Tapered wing 3° 0.001840 0.001841
Tapered wing 5° 0.005100 0.005100
Swept wing 3° 0.002040 0.001990
Swept wing 5° 0.005670 0.005520
Box wing 3° 0.002340 0.002338
Box wing 5° 0.006480 0.006480
Table 3.3: Results of the various simulations carried out with both solvers
The small diﬀerence (the maximum diﬀerence is around 2.5%, and the
diﬀerence of the Cl between the two evaluations is even smaller) between the
results given by those two codes is a conﬁrmation that the drag evaluation
made by UPM is accurate, allowing the use of this software to carry out
further simulations.
Chapter 4
Geometry deﬁnition
To carry out the simulations, the wing lift distribution Γ(y) is given by
the theory described earlier [?] , but this lift distribution is the ﬁnal one
which must be veriﬁed in cruise ﬂight, which means it is the sum of the
wing generated lift modiﬁed by induction eﬀect. While for planar wings
the calculation of induced velocity is common, for box wing lifting systems
the calculation is a bit more complex, because of the mutual induction of
the horizontal wings and of the eﬀects of the vertical wings (which do have
a butterﬂy-shaped lift distribution, hence do generate an induced velocity
in the ﬁeld). By calculating the induced velocities in every point of the
wing it is possible to recreate the actual wing circulation distribution that
matches the ideal solution given by the analytical code. By equalizing the
Kutta-Joukowsky lift formula with the classical lift formula we obtain:
L = ρV
∫ b/2
−b/2
Γ(y)dy =
1
2
ρV 2
∫ b/2
−b/2
c(y)Cl(y)dy (4.1)
Where ρ is the air density, V is the velocity, Cl is the lift coeﬃcient, Γ is
the circulation and c is the chord. After some algebraic passages we obtain:∫ b/2
−b/2
Γ(y)dy =
V
2
∫ b/2
−b/2
c(y)Cl(y)dy (4.2)
and the inverse formula:∫ b/2
−b/2
Cl(y)dy × c(y) =
2
∫ b/2
−b/2 Γ(y)dy
V
(4.3)
Those two formulas allow us to switch between the circulation evaluation
(used in the analytical code) and the lift coeﬃcient evaluation (used in the
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panel code) and, also, enables to transform the circulation information into
an immediate criteria for the design of wing sections. Recalling Equation
2.1 the expression of Cl becomes
Cl = Clα(αG − α0 − αi) (4.4)
and Equation 4.2 can be rewritten as:∫ b/2
−b/2
Γ(y)dy =
V
2
∫ b/2
−b/2
c(y)Clα(αG(y)−α0)dy+ V
2
∫ b/2
−b/2
c(y)Clα(−αi(y))dy
(4.5)
In this problem Γ(y) is known, the unknowns are the single contributions.
To evaluate those it is necessary to know the induced velocity in every point
of the span. As stated in [?] , deﬁning the angles and numbering the wings
as follows: and recalling that, for small angles :
Figure 4.1: Deﬁnition of the geometric angles between points of the wings
αi ' wi
V
(4.6)
the induced velocity generated by the total lift distribution is evaluated as
follows [?] :
w1(y
1
1) = −
∫ b/2
−b/2
dΓ1
dy1
1
y1 − y11
dy1 +−
∫ b/2
−b/2
dΓ2
dy2
cos(α)2
y2 − y11
dy2
+−
∫ h/2
−h/2
dΓ3
dy3
cos(ε)sin(ε)
z3 − z11
dz3 −−
∫ h/2
−h/2
dΓ4
dy4
cos(Θ)sin(Θ)
z4 − z11
dz4 (4.7)
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w2(y
1
2) = −
∫ b/2
−b/2
dΓ2
dy2
1
y2 − y12
dy2 +−
∫ b/2
−b/2
dΓ1
dy1
cos(α)2
y1 − y12
dy1
+−
∫ h/2
−h/2
dΓ3
dy3
cos(β)sin(β)
z3 − z12
dz3 −−
∫ h/2
−h/2
dΓ4
dy4
cos(δ)sin(δ)
z4 − z12
dz4 (4.8)
w3(z
1
3) = −
∫ b/2
−b/2
dΓ1
dy1
sin2(ε)
z13 − z1
dy2 +−
∫ b/2
−b/2
dΓ2
dy2
cos2(β)
z13 − z2
dy1
−−
∫ h/2
−h/2
dΓ3
dy3
1
z3 − z13
dz3 −−
∫ h/2
−h/2
dΓ4
dy4
cos2(ν)
z4 − z13
dz4 (4.9)
w4(z
1
4) = −
∫ b/2
−b/2
dΓ1
dy1
sin2(Θ)
z14 − z1
dy1 −−
∫ b/2
−b/2
dΓ2
dy2
cos2(δ)
z2 − z14
dy2
+−
∫ h/2
−h/2
dΓ3
dy3
cos2(ν)
z3 − z14
dz3 +−
∫ h/2
−h/2
dΓ4
dy4
1
z4 − z14
dz4 (4.10)
By calculating the induced velocity in every point of the span it is pos-
sible to obtain the induced contribution to the circulation and, with Equa-
tion 4.5 the aerodynamic contribution. This allows to deﬁne the quantity
c×Clα×α which deﬁnes the properties of the section (Clα deﬁnes the airfoil,
c the chord distribution and α the twist distribution). For a given airfoil
(and therefore a given Clα and α0):∫ b/2
−b/2
c(y)(αG(y)− α0)dy =
2
∫ b/2
−b/2 Γ(y)dy
V Clα
+
V
2
Clα
∫ b/2
−b/2wi(y)dy
V
(4.11)
with wi(y) evaluated with Equations 4.7-10. This formula allows to know
the value of the quantity c(y)(αG(y)−α0) for each wing section. Of course,
given the objective circulation, the solution is not unique, there are inﬁnite
solution sets which satisﬁes the problem, it is then necessary to make some
design decisions for the deﬁnition of the geometry, which will be discussed
later.
Chapter 5
Wing geometry and simulation
parameters
To evaluate the reliability of the theoretical code as a design criteria, two
types of wings were tested, monoplane-type wings and box wing conﬁgu-
rations, and in both cases several parameters were changed to check the
inﬂuence and the variation of the results according to those parameters.
5.1 Deﬁnition of the reference airplane
The theoretical code presented in Chapter 1 isn't limited to box wing con-
ﬁgurations, but can be used to evaluate the optimum lift distribution for
classical wing conﬁgurations. As the code works with adimensional param-
eters and functions, it was necessary to choose a number of parameters to
transform the results in dimensional quantities for the sake of analysis and
comparison, namely:
 a total lift L
 a semi-wingspan bw
 a reference length (which can be seen as a representative chord) c
(called lw in Figure 2.4)
 an undisturbed velocity V
As the panel code works with potential ﬂow equations, the asymptotic ve-
locity must be low (lower than Mach= 0.3) in order to avoid compressibility
eﬀects. A reference airplane was selected, so as the set of dimensional pa-
rameters to be coherent and to be representative of a realistic situation.
The reference airplane is the Cessna 150.
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Figure 5.1: The reference airplane
The parameters associated with this plane are:
Total Lift 6750N
Semi-wingspan 5m
Cruise speed 55m/s
Reference chord 1.5m
Wing surface 15m2
Table 5.1: Dimensional parameters of the reference plane
5.2 Monoplane lift distribution
In the case of the monoplane wing the result given by the code is the well-
known elliptical lift distribution.
This Lift distribution is the total lift distribution the plane must achieve
in cruise ﬂight, so, to generate the wing geometry, it is necessary to evaluate
the induced angle of attach generated by this lift distribution, with the
classical induction formula (Equations 2.2 and 2.3) For the ideal elliptic
distribution, the result of this calculation is a spanwise constant induced
velocity, with a singularity at each wing-tip. As the method to evaluate
the induced velocity is a numerical one, this kind of result is not possible,
because it will not allow the presence of a singularity, and at the wingtips
the induced velocity will have a signiﬁcant peak.
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Figure 5.2: The output of the theoretical code for a monoplane conﬁguration
Figure 5.3: Shape of the Induced velocity distribution along the span
Using this results it is possible to ﬁnd the Cl × c spanwise distribution
required to achieve the total distribution shown in Figure 5.2. It is now
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necessary to deﬁne some geometry constraints, as the couples Cl and c
which satisﬁes Equation 4.2 are inﬁnite. To carry out the simulations, the
ﬁrst step is to consider a constant chord wing, so that the variation of Γ
is uniquely related to the quantity Clα × (αG − α0), and, by deciding the
aerodynamic proﬁle, it is possible to deﬁne the quantities Clα and α0. As the
initial theory is the lifting line theory, the ﬂat plate was chosen as proﬁle, in
order to limit the number of parameters introduced. With these constraints
the variation of the function Cl × c is represented by the variation of the
angle of attack only.
Figure 5.4: Variation along the semi-wingspan of the angle of attack ex-
pressed in radians
5.3 The box wing lift distribution
For the box wing the method is the same, and the calculation of the induced
velocity along the span is performed with a self-written Matlab code. The
output of the theoretical code is an array of values that can be used to
re-create via a polynomial approximation the circulation distribution. It
is then possible to re-create for any number of locations along the span
the function Γ(y). Each of the four lifting surfaces is represented by the
coordinates in the Y-Z plane, with the origin of the axis placed, if b is
the wingspan and h the height of the box wing system, at b/2, h/2. For
each lifting surface the lift distribution must be speciﬁed, and the code
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calculates the derivatives needed to evaluate the integrals of Equations 4.7-
10. The angles deﬁned in Figure 4.1 are also automatically calculated via
trigonometric equations. The input needed by the code are the coeﬃcients
of the polynomial for the horizontal and vertical wings, the semi-wingspan,
the semi-height, the spacing of the points in Y and Z direction (witch will
also deﬁne the number of points where the integrations are performed), the
asymptotic velocity, and the chord (can be either a function or a constant).
The output of this code are the induced velocities for all the aerodynamic
surfaces as well as the Cl × c distributions. The spacing of the integration
points proved to be very important for the accuracy of the results, and after
a brief sensitivity analysis, preformed varying the spacing of the integration
points, a spacing of b
2000
for the horizontal wings and of h
2000
for the vertical
wings proved to be suﬃcient to obtain the convergence of the result.
Figure 5.5: The total circulation distribution given by the theoretical code
As shown in Figures 5.6 and 5.7 the induced velocities on the hori-
zontal wings has the same shape of the induced velocity over an isolated
wing, whereas the total induced velocity over the vertical wings is nearly 0
over most of the height, and even where the induced velocities are at the
strongest, the angle αi =
wi
V
is negligible. For this reason, over the vertical
wings, the contribution of the induced velocity will be ignored in its design.
In order to be able to set a comparison between the monoplane wings
and the box wings, the ﬂow parameters used for the box wings will be the
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Figure 5.6: The various components of the induced velocity for the hori-
zontal wings and the total induction
same as those used for the monoplane, and also the semi-wingspan, the
chord and the total lift will be maintained, this implies that the total wing
surface will be doubled in the box wing case.
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Figure 5.7: The various components of the induced velocity for the vertical
wings and the total induction
5.4 Mesh reﬁnement sensitivity analysis
In order to carry out the simulations, it is necessary to generate a CAD
model of each geometry and to generate an appropriate mesh for the results
to be accurate. To check the sensibility of the results to mesh reﬁnement,
a reference conﬁguration has been meshed with diﬀerent reference lengths,
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from very sparse mesh (with a long reference length) to very reﬁned mesh
(with small reference length).
Figure 5.8: box wing conﬁgurations meshed with increasing reference length
of the elements, respectively 50, 150, 300 and 400 mm
Given the results shown in Figure 5.9, and in order to avoid excessive
computational eﬀorts, a mesh with a reference length of 150 mm is selected.
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Figure 5.9: Values of the measured Cl on a box wing reference conﬁgurations
with diﬀerent mesh reﬁnements, the reference length represent the length
of the meshing element, measured in millimeters
Chapter 6
Test cases and results
6.1 Wing geometries to evaluate
The ﬁrst set of test cases is a group of box wings and a monoplane wing,
sharing the same wingspan, chord and total lift (Table 5.1), and without
sweep nor taper, but having a twist spanwise distribution which satisﬁes
Equation 4.11.
The box wings have increasing vertical aspect ratio µ = h
b
: 0.2, 0.3, 0.4,
0.5 and 0.6 respectively. The theoretical code gives the following outputs
for the various conﬁgurations:
Wing Cl Cdi
Monoplane 0.2429 0.002865
box wing µ = 0.2 0.1210 0.0009585
box wing µ = 0.3 0.1210 0.0008514
box wing µ = 0.4 0.1210 0.0007701
box wing µ = 0.5 0.1210 0.0007054
box wing µ = 0.6 0.1210 0.0006523
Table 6.1: Coeﬃcients for the ﬁrst test set given by the theoretical code
Those wing conﬁgurations were tested with UPM, and the results are
shown in Table 6.2.
There is a diﬀerence (depending on the geometry, the gap shrinks with
increasing µ) between the theoretical and the computational evaluation of
the lift coeﬃcient and, considering the only component of the drag evaluated
is the induced drag, these results aren't suitable to set up a confront with
the theoretical results. After an ulterior series of tests to check an inﬂuence
of computational parameters (mesh reﬁnement, numerical calculation of the
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Figure 6.1: The ﬁrst set of wings
Wing Cl Cdi % diﬀerence with theoretical Cl
Monoplane 0.2054 0.002077 15%
box wing µ = 0.2 0.0857 0.000517 29%
box wing µ = 0.3 0.0937 0.000510 22%
box wing µ = 0.4 0.0990 0.000517 18%
box wing µ = 0.5 0.1028 0.000511 15%
box wing µ = 0.6 0.1057 0.000501 13%
Table 6.2: Results of the panel code for the ﬁrst set of wings, with the
percentage diﬀerence of the Cl compared with the theoretical value
induced velocity) which didn't highlight any error in the technical set-up, it
was decided to see if this diﬀerence may come from some other parameters
of the wing geometry.
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6.2 Inﬂuence on the results of the Aspect
Ratio for monoplane conﬁgurations
An alternate set of monoplane wings was designed, to search for an inﬂuence
of the aspect ratio (AR)in the results, preserving the total lift and the chord.
As the wing in the ﬁrst set presented an AR of 6.6, the other wings were
designed around this value, with AR of 4, 13, 20 and 40. The Cl given by
the theoretical code and by UPM for those conﬁgurations are:
AR Cl theoretical code Cl UPM
4 0.4048 0.2858
6.6 0.2429 0.2054
13 0.1214 0.1039
20 0.0810 0.0683
40 0.0405 0.0373
Table 6.3: Results of the simulations with increasing AR
Figure 6.2: Values of the Cl with increasing AR
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As shown in Figure 6.2 As the aspect ratio increases the diﬀerence be-
tween the theory and the panel code decreases.
Evaluation of Clα of the wings
To obtain a better understanding of the behaviour of the various conﬁgu-
rations the Clα of the global wing was evaluated, by performing a second
UPM simulation on each wing with a slightly modiﬁed angle of attack and
comparing the results:
AR Clα in rad
−1
4 3.666
6.6 4.354
13 5.099
20 5.401
40 5.780
Table 6.4: Clα of the various wings
With increasing AR the global Clα increases and closes to the theoretical
proﬁle value of 2pi (Clα of the plat plate). Another signiﬁcant clue of the
three-dimensionality eﬀect is found with the formula for the evaluation of
the mean airfoil Clα found in [?]:
Clα−wing =
Clα−airfoil
1 +
57.3×Clα−airfoil
piAR
(6.1)
we obtain:
Clα−airfoil =
−Clα−wing
57.3×Clα−wing
piAR
− 1
(6.2)
which gives us the mean value of Clα−airfoil (in degrees−1) for each wing
(the theoretical value for the ﬂat plate is 0.11).
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AR mean Clα airfoil
4 0.0903
6.6 0.0620
13 0.1017
20 0.1031
40 0.1057
Table 6.5: Values of the Clα−airfoil
The diﬀerence between the experimental values and Equation 6.1 is
clear:
Figure 6.3: Diﬀerence between measured and empirical Clα−wing for straight
wings, the blue curve is obtained by using the Torrenbeek formula and
imposing Clα−airfoil = 2pi
the curve is translated downward, because of the diﬀerence between the
value of Clα−airfoil considered by the theoretical code and the actual value
for the ﬁnite wing. By performing the same calculations on the box wing
conﬁgurations of Figure 6.1, we see that the Clα−wing of those conﬁgurations
is lower than the theoretical value:
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µ Clα in rad
−1
0.2 3.94
0.3 4.23
0.4 4.37
0.5 4.54
0.6 4.58
Table 6.6: Clα of the box wings
These results show that the approximation made on Clα while generating
the wings was incorrect, as the diﬀerence between the assumed value and
the actual value all but negligible.
6.3 Correction of the geometry
To restore the values of the global Cl for the ﬁrst set of wings, a set of
simulation is performed, up to reach the theoretical value of Cl given by
the theoretical code, by tilting the wing of an angle α, and thus increasing
the angle of attack of the wing:
Wing α modiﬁcation in degrees Cl Cd
Monoplane 0.5 0.2434 0.002865
box wing µ = 0.2 0.5 0.1200 0.0009355
box wing µ = 0.3 0.4 0.1230 0.0008762
box wing µ = 0.4 0.3 0.1221 0.0007796
box wing µ = 0.5 0.25 0.1226 0.0007207
box wing µ = 0.6 0.2 0.1218 0.0006591
Table 6.7: α correction and values obtained for Cl and Cd
It is important to point out that as the height ratio grows the correction
to apply is smaller, and this is coherent with the results shown in Table 6.6,
this means that the more the height ratio grows, the better the approxima-
tion of the theoretical code is (this is somewhat similar with the growth of
the Aspect ratio on the monoplane wing)
These results are very similar to those in Table 6.1, for both the Cl
and the Cd. This similarity shows that this α correction is a constant that
needs to be added to the global result and not a local value, otherwise the
quantity Cl
Cd
would be diﬀerent from the theoretical case as shown in ﬁgure
6.4.
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Figure 6.4: Cl
Cd
for the theoretical and experimental results
With the results presented in Table 6.7 it is also possible to verify the
evolution of the induced total drag of the box wing conﬁguration, normal-
ized with the drag of the equivalent monoplane (a single wing with same
total lift and wingspan), with the vertical aspect ratio, and to make a com-
parison with the curve obtained by Prandtl [?]of equation:
Dboxopt
Dmonoopt
=
1 + 0.45× µ
1.04 + 2.81× µ (6.3)
where Dboxopt is the induced drag of the box wing, D
mono
opt is the induced drag
of the monoplane (with the same wingspan and total lift), both evaluated
at the optimum condition and µ is the height ratio of the box wing.
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Figure 6.5: Variation of the ratio
Doptbox
Doptmono
with the height ratio. In the experi-
mental curve the value of Doptmono used to normalize the values is the induced
drag of the monoplane of the ﬁrst set of wings, as given in Table 5.7
Final observations
These results show a very good synergy between the output given by the
theoretical code described in Chapter 2 and the results given by UPM. As
the wing geometry was designed using the results of the theoretical code,
and the evaluation of forces made on those geometries proved to be co-
incident with the theoretical results, after a correction on the simulation
parameter (the global angle of attack)it is possible to aﬃrm that the theo-
retical code provides a good evaluation of the circulation that needs to be
realized by the wings in order to provide the maximum lift with the min-
imum induced drag. However, as the theoretical code does not take into
account the eﬀect of the wing being ﬁnite, thus having airfoils which do not
behave as if they were part of an inﬁnite wing, it is necessary to correct the
geometry by tilting the wing, to obtain a match of the results.
Chapter 7
Conclusion
The objective of this work was to verify the accuracy of a theoretical code
for the design of box wing conﬁgurations. After a brief analysis of the theo-
retical code it was decided to use a panel method solver (UPM) developed in
the University of Pisa to verify the forces generated by wing conﬁgurations
created based on the output of the theoretical code. This design procedure
needed an evaluation of the induced velocity generated by the lifting sur-
faces to obtain a geometrical information and thus build the wings. Several
simulations were performed, in order to verify the inﬂuence of the Aspect
ratio as well as the height ratio of the wings over the results, showing that
as those two parameters grow, the diﬀerence between the theoretical code
and UPM shrink. This diﬀerence is not negligible unless the aspect ratio
grows up to non-practicable values, so a slight correction has to be applied
to the geometry, by adding a small angle of attack to the whole system, to
nullify the error between the two results.
Those results give a good indication of the applicability of the theoretical
code, but for a better understanding of the reason of the discrepancy of the
results an in-depth analysis of the spanwise distribution of the Cl and Cd
should be performed, by developing and integrating a post-processor able to
plot those quantities. Also, this evaluation was made upon the hypothesis
of the potential ﬂow, which is an approximation of reality, and therefore
bear a distance with the real situation. A ulterior step can be made by
using a computational solver based upon the Euler Equations.
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Appendix A
Matlab code for the calculation
of induced drag over a Box wing
conﬁguration
This is the Matlab code used to calculate the induced velocity over a box
wing conﬁguration.
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